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ABSTRACT 
In the present study, vibration response of double walled carbon nanotubes embedded in a Winkler foundation is 

investigated using differential transform method (DTM). Simply supported, clamped - Hinged and clamped–

clamped boundary conditions are employed to analyze the natural frequencies. The effect of length of nanotubes and 

Winkler elastic foundation modulus on the fundamental natural frequencies for the Euler- Bernoulli beam is 

investigated and tabulated. The governing differential equations are solved by using differential transform method. 

The differential transform method is applicable for nanotubes and gives high accuracy results. 
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INTRODUCTION 

Nanoscience and nanotechnology have made a principal contribution to the introduction of small-scale 

structures and devices. Iijima’s discovery paper on multi-walled carbon nanotubes in 1991 1 pulled the 

attention of scientific researcher’s communities in physics, chemistry and engineering. Some of the 

potential applications of nanorods and nanobeams are image technology, microelectro-mechanical 

systems (MEMS) and nanoelectromechanical systems (NEMS).2,3 

In Aerospace industries, There is a much need for new materials which exhibit improved mechanical 

properties i.e, high strength to weight ratio, high thermal stability and high corrosion resistance. Carbon 

nanotubes (CNTs) exhibit novel properties of having tensile strength in Tera pascal range, thermally 

stable up to 2800°C and vibration withstanding capabilities in the range of Tera Hertz. The structure of a 

single walled carbon nanotube can be visualized by packaging a single-atom-thick layer of graphite called 

graphene into a flawless cylinder.2-5 

By now, there are three methods to analyze the mechanical properties of CNT. They are spectroscopy 

experiment, computational simulation and theoretical analysis. However, technically these are difficult 

experiments of vibrational properties because of the small diameter of the nanotubes, and plenty of time 

will be spent on the molecular dynamics (MD) simulation. Theoretical analyses using elastic continuum 

models have shown the advancement on the taken cost and the spent time of researches compared with 

experiment operation and MD simulation methods, and they can predict some results which cannot be 

achieved by the other two methods as of now.6 – 10 

In the present work, DTM has been used to analyze the vibration of carbon nanotubes embedded on a 

Winkler foundation. Zhou11 developed differential transformation method for solving both linear and non-

linear initial value problems in electric circuit analysis. Later on Chen and Ho12 used this method to Eigen 

value problems.  

EXPERIMENTAL 

Differential Transform Method 
The differential transform method is a semi-analytical method based on the Taylor series expansion. In 

this technique, certain transformation rules are used in converting the governing differential equations and 

the boundary conditions of the system in to a set of algebraic equations in terms of the differential 
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transforms of the original functions. The solution of these algebraic equations provides the results with a 

high degree of precision. 

 

The differential transformation of the ith derivative of the function u(x) is defined as follows: 
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And the differential inverse transformation of U(k) is expressed as: 
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In real application function, u(x) is expressed as finite series and equation (2) can be written as: 
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We can use the following transformation table for converting a differential equation in to the DTM form. 

 
Table-1: Differential Transformations for Mathematical Equations 

 

Original Function Transformed Function 
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The superiority of the DTM is its simplicity and good precision and it takes less time to solve polynomial 

series 11. It is different from the traditional high order Taylor’s series technique, which needs symbolic 

computation of the necessary derivatives of the data functions. The Taylor series method takes relatively 

long time for computations involving large orders. With DTM technique, it is also possible to compute 

near exact solutions for differential equations.  

 

Mathematical Formulation 
Using the Euler–Bernoulli beam model, the required governing partial differential equation for motion of 

a beam is given by:8 

2 4
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Where, x and t are the spatial coordinates. w is the deflection of carbon nanotubes and P is the transverse 

force acted on the nanotubes. E and I are the Young’s modulus of elasticity and the mass moment of 

inertia, respectively. A is the area of cross section and ρ is the density of nanotubes. 

 

By using the Equation (4) governing equations for inner and outer nanotube can be written as: 
2 4
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Where, the subscripts 1 and 2 denote the properties of the inner and outer nanotubes respectively.  

jp (j=1,2) are the pressures exerted on inner and outer nanotubes. The pressure P1 acting on the inner 
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nanotube due to thevdW interaction is given by, 

)( 121 wwcp −=           (7) 

Where, c is the Vander Waals interaction coefficient between inner and outer nanotubes. 

 

The pressure acting on the surface of outer nanotube due to presence of the Winkler medium can be given 

by, 

2kwpw −=            (8)  

Where, negative sign represents that wp is acting in opposite direction to the deflection of nanotubes.k is 

the spring’s stiffness. 

Thus, for the DWCNTs, the pressure of the outer nanotube contacting with the Winkler medium is given 

by, 

)( 122 wwcpp w −−=           (9) 

In the model Van der Waals interaction (vdW) coefficient (c) can be obtained from the interlayer energy 

potential, given as He XQ et al 14, 
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Here a = 0.142 nm (carbon to carbon atom bond length). R1, R2 are the inner and outer radii of double 

walled carbon nanotubes.  σ=0.34 nm, ԑ=2.967 meV are the vdW radius and the well depth of Lennard-

Jones potential respectively as given by Saito et al.18 

Thus, 
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In this simulation, we consider the deflection of double walled carbon nanotubes has different vibration 

modes, )(xW j , j = 1,2 for the inside and outside nanotubes respectively. The displacements of the 

vibration analysis in double walled carbon nanotubes can be given by 
ti

jj exWtxw ω)(),( =           (13) 

So equations (11) and (12) can be further simplified as: 
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Where, 
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Application of DTM 
In converting the governing equations in DTM formulation, we use Table-1 and we can conveniently 

write the following expressions: 
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Using the appropriate boundary conditions and transformed boundary conditions for DTM, the recurrence 

Eq. (16) and (17) can be solved for vibration frequencies for various modes.  

 

Boundary Conditions 

Simply Supported CNTs 

For the simply supported CNTs beam boundary conditions at both ends are defined mathematically as: 
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Clamped- Clamped CNTs 
For clamped-clamped CNTs, the boundary conditions at both ends are defined as: 
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Clamped-Hinged CNTs 

For clamped-hinged CNTs case, the boundary conditions are defined as: 

at x=0  
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RESULTS AND DISCUSSION 

Comparison with Analytical Solutions 
In this study, we consider double walled carbon nanotubes mounted in a Winkler medium having 

diameter of the inner and outer nanotubes of 4.8 nm and 5.5 nm, respectively. The thickness of each 

nanotube is taken to be 0.34 nm. The carbon nanotube has a Young’s modulus of 1 TPa and the density of 

2.3 gm/cm.3,21 
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By using the DTM as the numerical method the natural frequency for DWCNTs has been computed. 

Results are then compared with T.Natsukiet al21and  Xuet al.15Very good agreement is observed with the 

T.Natsuki et al and Xu et al results for the simpy supported DWCNTs. We have taken n= 50 so that the 

result converges up to four decimal places, where n is the number of iterations required to converge the 

result. 
Table-2: Simply supported (S-S) DWCNTs Fundamental frequency in THz 

 

Mode ω1 ω2 ω3 ω4 ω5 ω6 

Present [DTM] 0.618 2.586 5.447 7.283 7.564 8.248 

T.Natsukiet al.21 0.62 2.60 5.50 7.40 7.70 8.50 

Xu et al.15 0.635 2.652 5.450 7.30. 7.65 8.45 

 

From the above Table-2, it is clearly observed that initial in-phase modes are matching perfectly and 

higher modes are slightly differing. As we observe that there is very little increment in vibration 

frequency after mode 4, as vibration deflection will be in opposite direction of both nanotubes. 

 

New Results for DWCNTs 
Table-3 is the new extended results for the Clamped-Hinged (C-H) and Clamped- Clamped (C-C) 

boundary conditions. 
Table 3: Fundamental frequency for the DWCNTs in THz 

 

Mode  ω1 ω2 ω3 ω4 ω5 ω6 

C - C  0.968 2.840 5.601 7.684 7.892 8.695 

C - H 1.080 3.048 5.988 8.245 8.526 9.424 

 

It is observed that double walled carbon naotubesshow very high frequency over Terahertz. Modes 1 to 4 

represent the first four vibration modes, which are in-phase modes, which means deflection of the inner 

and outer nanotubes are in the same direction. Modes 5 to 6 are the two vibrations of anti-phase mode, in 

which the deflections of the inner and outer nanotubes are in the opposite directions. 

 

Influence of variation of Length of DWCNTs on vibration frequencies  
Now if we change the length of nanotubes, vibration frequencies vary as:  

 

 
 

 Fig.-1: Variation of vibration frequencies with length of DWCNTs for Simple supported boundary condition. 

 Figures- 1, 2 and 3  show the variation of the vibrational frequncy with the length of nanotube for the 

various modes. Vibration frequnecy with the first mode  in simply-supported DWCNTs is about 2.096 
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THz from DTM which is very close to the available reference result21with length of 10 nm. It is clearly 

observed that with the increase of length of CNTs vibrational frequencies decrease. This effect is occuring 

due to  the strong influence of phase modes on vibration frequencies. 

 

CONCLUSION 
In this study, the vibration investigation of DWCNTs embedded in an elastic medium for various 

boundary conditions like clamped-clamped, simply supported, and clamped hinged has been presented by 

using a semi-analytical numerical technique called the differential transform method in a simple and 

accurate way. The solution of the present vibration analysis problem using the DTM involves 

transformation of the governing equations of motion into algebraic set of equations and solving the 

transformed equations. Results show that phase modes dominate on vibration frequencies of CNTs. The 

analysis presented could be helpful in the application of CNTs in high-frequency oscillators, dynamic 

mechanical analysis and micro mechanical sensors. 

 

 

 
        Fig.-2: Variation of vibration frequencies with Length of Clamped-Clamped DWCNTs 

 

 

 
Fig.-3:Variation of vibration frequencies with Length of Clamped-Hinged DWCNTs 
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